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Abstract 



Let F be a p-adic field of odd residual characteristic. Let GSp2n{F) and Sp2n{F) be 
the metaplcctic double covers of the general symplcctic group and the symplectic group 
attached to the 2n dimensional symplectic space over F. Let a be a genuine, possibly 
reducible, unramificd principal scries representation of GSp2n(F). In these notes we give 
an explicit formulas for a spanning set for the space of Spherical Whittaker functions 
attached to a. For odd n, and generically for even n, this spanning set is a basis. 
The significant property of this set is that each of its elements is unchanged under the 
action of the Weyl group of Sp2n(F). If n is odd then each element in the set has 
an equi variant property that generalizes the uniqueness result of Gelbart, Howe and 
Piatctski-Shapiro proven in [TJ. Using this symmetric set, we construct a family of 
reducible genuine unramificd principal series representations which have more then one 
generic constituent. This family contains all the reducible genuine unramificd principal 
series representations induced from a unitary data and exists only for n even. 

Mathematics Subject Classification Number: 11F85 

Introduction 



Let F be a p-adic field and let Of be its ring of integers. Let Sp2 n (F) be the metaplectic 
double cover of Sp2 n (F) and let GSp2 n {F) = Sp2 n (F) x F* be the metaplectic double cover 
of GSp2n(F). Let T2 n (F) and T^^F) be the inverse images inside GSp2 n (F) of T2 n (F) 
and T2 n (F), the maximal tours of Sp2 n (F) and GSp2 n (F) respectively. While T2 n (F) 
is commutative, (.F) is not. The isomorphism class of a genuine smooth admissible 
irreducible representation of T% {F) is determined by its central character. Let I(oS) be 
a, possibly reducible, genuine principal series representation of GSp2 n (F) parabolically 
induced from a representation of (F) whose central character is co . Its Whittaker model 
is not unique. In fact 



Here 8 is a non-degenerate genuine character of N2 n (F), the inverse image of the maximal 
unipotent radical of Sp2n(F). We fix a natural basis, B(u,8), for this space. 



Suppose now that F has odd residual characteristic. In this case, GSp2n{F) splits over 
GSp2n(®F)- While for odd n the embedding of GSp2ti( ( Of) inside GSp2 n (F) is essentially 
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unique, there are two non conjugate embeddings if n is even. Let K2 n (F) be an image of 
GSp2n( < ®F) inside GSp2 n (F). Assume that is spherical, i.e., contains a one dimen- 
sional invariant K2 n (F) space. Note that this property is independent of the particular 
embedding of GSp2 n {®F)- In these notes we provide an explicit formulas for W(uj,6,r)), 
the set of images of the spherical vector under B(uj,9), i.e., a spanning set for the K% n (F) 

invariant subspace inside the subspace of In< j^ P2 ™^ '6 generated by the images of a, see 
Theorem 15.11 for the explicit formulas. For odd n, and generically for even n, W(uj, 9, rj) 
is a basis. Let T 2 + n (F) be the centralizer of T2 n (F) inside T^F) and let E(oS) be the set 
of extensions of u to E(cj). Each element of W(u, 9, rf) corresponds to one of the elements 
of E(cj) . The important property of the spanning set constructed here is that it consists 
of symmetric functions, i.e, each element is preserved under the action of the Weyl group 
of Sp2n(F) on the characters of T^F). Given the global functional equation satisfied by 
Eisenstein series, see Theorem IV. 1.10 of [21], this property is meaningful. In the cases 
where a Weyl element induces a non trivial permutation on E(oj), W(u>,9,rj) becomes lin- 
early dependent. We give exact description of these cases which occurs only if n is even. As 
an application, we construct a family of reducible genuine unramified principal series repre- 
sentations of GSp2n{F) which includes all the reducible genuine unramified principal series 
representations induced from unitary data. The representations in this family are a direct 
sum of two non-isomorphic ^-generic GSp2 n {F) irreducible submodules, each contains an 
invariant vector with respect to a different embedding of GSp2 n (®F)- 

Our argument in this paper is based on the relation between representation theory of 



GSp2n{F) and Sp2 n (F) given in [21] along with the work of Bump, Friedberg and Hoffstein 
on the Spherical Whittaker function for Sp2 n (F). It is the uniqueness of Whittaker model 
for Sp2n(F) which is ultimately responsible for our main result. We shall now outline the 
principles that enable our results. Although we assume the F is p-adic field of odd residual 
characteristic most of what follows in this introduction, i.e., everything outside the context 
of unramified representations, applies 2-adic fields also. In fact, it applies to the field of real 
numbers as well. 

For an element g € GSp2 n {F) we shall denote by A (g) the similitude character of g and 
by g its inverse image inside GSp2 n {F). We shall define X(g) = X(g). Let GSp2 n {F) be the 
subgroup of GSp2n(F) which consists of elements whose similitude character lies in F* 2 . 
For any subset H' of GSp2 n (F) denote by H + (F) and H its intersection with GSp2 n (F) 

and Sp2n{F) respectively. We note that the intermediate group GSp2 n (F) introduced here 
is the same group that appears in the context of Theta correspondence between GSp2 n (F) 
and similitude orthogonal groups attached to certain odd dimensional symmetric forms, see 
[16]. Let M'(F) be a Levi subgroup of GSp2 n {F). It is a fact that 



M + (F) = Z{GSp + 2n (F))M(F). 



Here Z (GSp2 n (F)) = F*l2 n is the center of GSp2 n (F). Furthermore 



Z{GSp + 2n (F))nM(F) = ±l 



2n- 



Thus, given the representation theory of M{F) the representation theory of M (F) is 
trivial. In particular, the u niquene ss of Whittaker model for irreducible smooth admissible 
genuine representations of M + (F) follows immediately from the corresponding uniqueness 
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for M(F) proven in j!8| . On the other hand, assume that M'(F) is isomorphic to 

GL ni (F) x GL n2 (F) ... x GL nr (F) x GSp 2nr+1 (F), 

where at least one of the numbers nx, . . . rfy+l is odd. This condition is satisfied by any 
Levi subgroup of GSp2 n (F), including GSp2 n (F) itself, provided that n is odd and it is 
satisfied by T^F), regardless of the parity of n. Let tt be a genuine irreducible smooth 
admissible representation of M'(F). It was shown in [2TJ that the restriction of tt to M + (F) 
is a multiplicity free direct sum of [F* : F* 2 ] summands. This is equivalent to the fact that 
M I M + (F) acts freely and transitively on the set of irreducible M + (F) modules that appears 
in tt. If tt is one of these summands, then 

T ,M'(F) + T ,M'(F) m , + x 
tt ~ Ind — r——TT ~ Ind — (tt ), 

M + (F) M + (F) 

where m (7r + ) is a conjugation of tt + by an element m of Af'(F). Suppose now that tt is 
^-generic. It follows that at least one of the summands in the restriction of tt to M + (F) is 9- 
generic. In fact the dimension of the space of Whittaker functionals on tt is the number of 9- 
generic summands. Furthermore, there is a natural way to describe the space of 9- Whittaker 
functionals on tt by means of the unique (up to a constant) 9- Whittaker functionals on one 
of the ^-generic summands. This also gives a description of the Whittaker functionals on a 
parabolic induction from tt to GSp2n(F). We shall describe this in the case M'(F) = T^-F). 

In this case Tr^-F) is a maximal Abelian subgroups of T-^-F) and the construction above 
agrees with the theory of genuine representations of metaplectic tori, see Theorem 3 of |12j . 
It should be noted that T 2 + n (F) is not an analog to Kazhdan-Patterson standard maximal 
Abelian subgroup, i.e., it is not the centralizer of T^F) nif^F) inside T^F). The fact 

that T^F) is the centralizer of T2„(F) inside T^F), rather then just being a maximal 
Abelian subgroup, is a crucial property. Thus, any genuine principle series representation 
of GSp2n(F) may be realized as 



B 2n( F ) 

where (x is a genuine character of T 2n (F), extended to -B^F) = T 2 "^(F) x N2 n {F), 

see Section [3] for details. We note here that x is character of T2„(F). For c G F*/F* 2 , let 
I c ((x ^ Otp) ^ l((x^ Oip) be the subspace of functions whose support is contained in the 
open set of elements whose similitude character lies in cF* 2 . Obviously, I c ((x ^ 0i>) 1S a 
GSp2 n (F) invariant space and 

i{(xmh) = 0/ c ((x^). 

cGF*/F* 2 

The crucial fact is that as an Sp2n(F) module 

where 

I((xvch)=lnd^ff(xvch. 
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Here xVc is the quadratic twist of x attached to c and (xVc)^ is a genuine character of T2 n (F), 
see Section [3] for details. It is now clear that any Whittaker functional on l((x^04>) which 
vanish on 

c^d&F'/F* 2 

defines a Whittaker functional on I ((xVcjif) ■ Consequently, the space of Whittaker func- 
tionals on l((x ^ Oip) which vanish on I c ((x ^ £)i/>) is one dimensional. For c = 1, as a 
non-trivial element in this space, we can take (the analytic continuation of) 

JN 2n (F) 

where J2 n £ Sp2 n (F) is a representative of the long Weyl element. Suppose now that 
t 6 T^F) is such that X(t) = c, the map / h4 ft defined by ft{g) = fitg) is a GSp2 n (F) 
isomorphism between l((x Kl and /('(x £3 £)v>)> where *(x Kl is a conjugation of 
(x^l£)</> by t. This isomorphism maps X( x s$)^,,i,e to a ^ Whittaker functional on l( < (xKI£)i/') 
which vanish on I c ( (x Kl ^)^) . Here stands for n i— >■ B(t- X ni). At the same time, this 
map defines a Whittaker functional on /((x £3 £)i/>) which vanish on I c ((x ^ 0i>) nam ely 

\ x mU,t,0t(f) = / f{J2nUt)6t l (u)du. 
JN 2n {F) 

Hence, we obtain a basis for the space of 9- Whittaker functionals on I[(x ^ £)</>)• Note 
that this basis is defined only up to permutations as it depends on choosing an initial 
realization and only up normalization since the set of isomorphism above is depended on 
the choice of representatives of T2 n (F)/T 2 + n (F). 

Fix now W2n, a set of inverse images inside Sp2 n (F) of a set of representatives the 
Weyl group of Sp2 n {F). W2 n is also a set of representatives of A^T^F)) /T^F) where 
N(T^ n (F)) stands for the normalizer of T^JF) inside GSp 2n (F) . Define iV 2 ~ (F) to be the 
unipotent radical opposite to N2 n (F). For w € W2 n , let 

A w :l((x®0^)^l{Cx®t;W 
be the standard intertwining operator defined by the meromorphic continuation of 

(A w (f))(g) = / f(wng)dn. 

J N 2n (F)n(wNz n (*>-i) 

Note that A w maps I c {(x E £)■</>) to /C (( W X ^ £)</>)• Hence, X( x m^, c ,e and A^^,^ o A w 
are proportional. This explains why the functional equation satisfied by these Jacquet 
integrals is diagonal. In fact, for odd n, these Jacquet integrals have a uniqueness property 
which generalizes the uniqueness of Whittaker model discussed in [7] , see Corollary 13.11 and 
Theorem 15.21 

On a recent paper by Chinta and Offen, [5], the authors used the method of Casselman 
and Shalika, [6], to construct a spanning set of Spherical Whittaker functions for covers of 
the general linear group. It is clear from their construction that a symmetric spanning set 
may be constructed by introducing Jacquet integrals whose functional equation is diagonal 
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and then by properly normalizing each integral. To normalize the Jacquet integrals here 
we use the work of Bump, Friedberg and Hoffstein. In [3] these authors computed the 
normalization factor for one T2 n (F) orbit of Whittaker characters. The above exposition 
explains why is it necessary to extend their result to the other orbits. 

For the n = 1 our result coincides with the recipe given in Section 7 of [5j. In fact, our 
work gives a natural explanation to the diagonalization given there. It would be interesting 
to provide a similar explanation to the higher rank cases studied in [5]. In the n = 1 case, 
X is a character of F*, rj c is the quadratic a character of F* attached to c and there exists 
only one non-trivial Weyl element. By comparing the results of [19] and [22] one can show 
that the proportion factors in the functional equations mentioned above are 

7F{ip )q ' — p— , 

where jf^ -1 ) is the non-normalized Weil index attached to tp -1 , q is the size of the 
residual field, e = [Op : 20p], and 7(-, •, •) is the Tate gamma factor. These factors should 
be thought of as an analog to Shahidi Local coefficients, [T7], defined in a context where 
uniqueness of Whittaker model fails. The fact that these coefficients are distinct shows that 
the diagonalization above is unique up to permutations and normalization. 



It should be noted that the proofs given in this paper do not relay on [21] and do 
not make explicit use of the uniqueness principles discussed above: Wherever needed we 
used the theory of principle series representations of covering groups already existing in 
the literature. The paper is organized as follows: In Sections [1] and [2] we define some 
general notation and collect some information on GSp2 n (F). In Section [3] we construct the 
genuine principal series representations and their Whittaker maps. We also discuss in some 
details the Weyl group action and prove some irreducibility results. In Section 0] we give an 
extension of the results of [3]. This extension is used in Section [5] where we prove our main 
result. Finally, in Section [6] we apply the main result to construct the family of reducible 
genuine unramified principal series representations mentioned above. 

I would like thank Freydoon Shahidi for constantly explaining to me his thoughts on 
the subject matter. In fact, the application given in Section [6] is a part of an on going joint 
work in which we extend the results of [11] to GSp2 n (F). I would also like to thank Gordan 
Savin and Omer Offen for sharing with me their insights on the subject. 



1 General notation 

Let F be a p-adic field, let Of be the ring of integers of F, let Fp be its maximal ideal and 
let 7r be a generator of Fp. Let q be the cardinality of the residue field Of/Ff and let | • | 
be the absolute value on F normalized in the usual way. For a € F* we denote its order by 
ord(a). Thus, ord(a) = —log q (\a\). 

Let be the quadratic Hilbert symbol of F. It is a non-degenerate symmetric 

bilinear form on F* /F* 2 . For a € F* we define rj a to be the quadratic character of F* 
attached to a, that is, 

Va{b) = (a,b) F . 

Let tp be a non-trivial additive character of F. We define its conductor to be the smallest 
integer such that ip is trivial on F F . We say that ip is normalized if its conductor is 0. For 
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a € F* define 

ip a (x) = ip(ax). 

It is also a non-trivial additive character of F. For a € F* let 7^ (a) € C 1 be the normalized 
Weil factor associated with the character of second degree of F given by x 1— > i^ a {x 2 ) (see 
Theorem 2 of Section 14 of |23j ) . It is known that 7^ is a forth root of unity and that 
7^(F* 2 ) = 1. Also, 

l^iflb) = 7i,(a)^(b)(a,b) F , 7^ = % • 7^, j' 1 = 7^-1, 7</,(i 7 * 2 ) = 1. (1.1) 
For a diagonal matrix t inside GL n {F) we shall define 

7v>(*) = li>{det{t)), r) a (t) = rj a (det(t)). 

In Sections 12.31 [4"1 [51 and [6l we assume that F has an odd residual characteristic. In this 
case, (0* F ,Op) F = 1. Moreover, it follows from Lemma 1.5 of [TO] that if the conductor 
of i/j is even then 7^(0^) = 1. In the odd residual characteristic case we fix a set of 
representatives of F*/F* 2 of the form {1,u ,tt,ttu }, where u is a non-square element in 
Op, fixed once and for all. The non-degeneracy of the Hilbert symbol implies in this case 
that 

Vuo (a) = (-!)-<%) (1.2) 

For p-adic fields of odd residual characteristic, there exists exactly two quadratic characters 
of Op. The non-trivial one is 

Any of the two quadratic characters 77 of extends uniquely to a quadratic character of 
OpF* 2 . We shall continue to denote this character by rj. 

Let G be a group. We denote its center by Z(G). For h,g G G we denote /i s = g~ x hg. 
Let be a subgroup of G. Let a be a representation of H. If g € G normalizes we 
denote by 9 cr the representation of H defined by h 1— > a(h g ). 



2 Groups 

2.1 Linear groups 

Let GSp2n(F) be the general symplectic group attached to the 2n dimensional symplectic 
space over F. We shall realize GSp2 n {F) as the group 

{g G GL 2n (F) I 5 J 2n g* = A(g) J 2 „}, 

where 



J- 



2» 



I„ 
-/« 
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and X(g) £ F* is the similitude factor of g. The similitude map g i— > A(g) is a rational 
character of GSp2 n (F). The kernel of the similitude map is the symplectic group, Sp2 n {F). 
F* is embedded in GSp2 n {F) via 



A i-> i(A) 



/„ o 

XI r 



Using this embedding we define an action of F* on Sp2 n {F): 

(g,X)^g l{x) . 

Let F* txSp2n(F) be the semi-direct product corresponding to this action. For g E GSp2 n (F) 
define 

g 1 =i{\- 1 (g))geSp2n(F). 

The map 

is an isomorphism between GSp2 n {F) and F* x Sp2n (F) • We define GSp^ n (F) to be the sub- 
group of GSp2n(F) which consists of elements whose similitude factor lies in F* 2 . GSp 2n (F) 
is a normal subgroup of GSp2 n (F) which contains Sp2 n (F) . Clearly, 

\GSp2n{F) : GSp + 2n {F)} = [F* : F* 2 ] < oc. 

For any H' of GSp2 n {F) we denote by H + and H its intersection with GSp2 n {F) and 
Sp2n(F) respectively. 

Let N GLn (F) be the group of upper triangular unipotent matrices in GL n (F) and let 
N2n{F) be the following maximal unipotent subgroup of Sp2n{F): 



z b 
tzrl 



J \z€ N GLn (F),be Mat nxn (F), b l = z^bz 1 }. 



We normalize the Haar measure on N2 n (F) in the usual way. Let ip be a non trivial character 
of F. A character of N2 n (F) is called non-degenerate if 

0(z) = V> (a n ^ ( n ,2n) + s "=i la ^(i,i+i)) ; 

where 01,02, . . . ,a n are elements of F*. We say that 9 is normalized if is normalized 
for any 1 < 1 < n. We say that 8 agree with ip on the long root if a n = 1. 

Let TcL n (F) be the group of diagonal elements inside GL n {F) and let 

TL(F) = {[t,y] = diag^yt- 1 ) \y € F* , t E T GLn (F)} 

be the subgroup of diagonal matrices inside GSp2 n {F). Note that Xi[t, y]) = y. Denote 

B' 2n {F)=T! in {F)^N 2 n{F). 

It is a Borel subgroup of GSp2 n (F). Let 5 be the modular function on B' 2n (F), i.e., the 
ratio between left and right Haar measures. 
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2.2 Rao's cocycle and metaplectic groups 



Let Sp2n(F) be the unique non-trivial two- fold cover of Sp 2n ,(F). The action of F* on 
Sp2n(F) lifts uniquely to an action of F* on Sp2 n (F), see page 36 of [T3]. Using this lift we 
define 

GSp 2n {F) ~ F* x Sp 2n (F), 



the unique two-fold cover of GSp2 n (F) which contains Sp 2n (F). 



We shall realize GSp2 n (F) as the set GSp2 n {F) = GSp2 n {F) x {±1} equipped with the 
multiplication law 

(ffi, £1X52,62) = (3i52,eie 2 %i,32))- (2.1) 

Here 

c : GSp 2n (F) x G5p 2n (F) -> {±1} 



is the cocycle constructed in Section 2B of [18] and studied in Section 2 of [21]. c is an 
extension of Rao's cocycle 

c : Sp 2 „(F) x S P 2n(F) -> {±1} 



constructed in [15]. Hence, the inverse image of Sp2 n (F) inside GSp2 n (F) is a realization of 
Sp2n(F). For any subset -ff of GSp2 n (F) we denote by i/ its inverse image inside G5p 2n (F). 
Let be a subgroup of GSp2 n {F). A representation 7r of H is called genuine if it does not 
factor through the projection map on H. Thus, a representation of H with a central charter 
is genuine if and only 7r(/ 2n , —1) = —Id . For (g, e) S GSp2 n (F) we define A(g, e) = X(g). 

Lemma 2.1. T/ie following hold: 

(1) c([t,y],[t',y']) = {det(t),y>det(t')) F . 

(2) c(i(F*),GSp2n(F))x = l. 

(3) (<7,e) (aW) = ( 9 ,e(A( 9 ),a«)) F and (al 2n , e) = (a, e(A( 5 ), a")) . 
F*l2n n is even, 



(4) Z{GSp2n(F)) 



F* l2n n is odd 



(5) Z( GSp + 2n { F))=F*I 2n . 

(6) Z(T> n ( F)) = {(M,e) I y, det(t) € F* 2 }. 

(7) T2 n (F) is an abelian group, T 2 l n (i ? ) is the centralizer o/T 2n (i ? ) inside {F') and it is 
a maximal Abelian subgroup ofT2 n (F). Furthermore 



T+ n (F) = T 2n (F)Z{GSp + 2n (F)) (2.2) 

and 

Z(GSp + 2n {F)) n Th^Fj = ±h n . 



(8) N2n{F) embeds into Sp2 n {F) via the trivial section. T^-F) normalizes (iV 2n (F),l), 



Proof. (1) and (2) and (3) follow immediately from the cocycle formulas given in pages 
456 and 460 of [IH]. Since Z{H) C Z(H) for any subgroup H of GSp 2n (F), (4) and (5) 
follow from (3). (6) and (7) follow from (1). We now prove (8): Since iV 2n (F) C Sp2n(F), 
the fact that N 2n (F) is embedded inside GSp2 n (F) via the trivial section is a property of 
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Rao cocycle, see Corollary 5.5 of [15]. This Corollary also implies that T2 n (F) normalizes 
(N2n(F), l). Thus, to finish the proof of (8) one only need to show that i(F*) normalizes 
(A^2n,l)- This fact may be verified directly from the cocycle formula. All the assertions 
given in this lemma are proven in more details in Section 2 of [21]. □ 

From the last part of this Lemma it follows that if 9 is a character of N2 n (F) then 
(z,e) i— > eO(z) defines a genuine character of N2 n {F). We shall continue to denote this 
character by 6. 

2.3 Splittings of maximal compact subgroups 

In this subsection we assume that F is a p-adic field of odd residual characteristic. In this 
case, Sp2n(F) splits over Sp2 n (Q F ) and GSp2 n {F) splits over GSp2 n (0 F ), see Theorem 2 
of [12]. Furthermore, there exists a unique map 

L2n : S P 2n(0 F ) -> {±1}, 

such that 

k ^ K 2n (k) = (k,L 2n (k)) 

is an embedding of Sp2 n (0 F ) inside Sp2 n {F). It is known that L2 n is identically 1 on 
B2n{F) n <5p2n(©zr), see section 1.4 of [20]. We shall denote the image of Sp2 n {0 F ) under 
this embedding by K2 n (F). The splitting of GSp2 n (F) over GSp2 n (0 F ) is not unique. Let 
T) be one of the two quadratic characters of O f . Define 

l\ n : GSp 2n (0 F ) -> {±1}, 

to be the following extension of i2 n 

tL(*) = f7(A(fc)K( fc i). ( 2 - 3 ) 

Note that these two maps are identically 1 on T 2 + n (F) n GSp2 n {0 F ). 

Lemma 2.2. There are exactly two maps 

i' 2n : GSp 2n (0 F ) -> {±1}, 

such that k i— > {k,L 2n (k)) is an embedding of GSp2 n {®F) inside GSp2 n {F): These are the 
two maps defined in (|2.3p . These two embeddings are conjugated by an element of GSp2n{F) 
if and only if n is odd. 

Proof. The restriction of i! 2n to Sp2 n ( < B>F) must agree with t2 n . Thus 

4nO) = 4n(«(^( fc )) i 2n(A: 1 )c(i(A(/c),A; 1 ). 

Part 2 of Lemma 12.11 implies now that the restriction of L 2n to i(0* F ) must be a quadratic 
character and that 

This shows that i! 2n must be one of the two maps given in (I2.3p . On the other hand, if L 2n 
is a splitting map, so does i' 2n ■ (rj n oX). 
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Let l' 2ji be any of the two splittings given in (|2.3|) . Suppose that n is odd. By part 3 of 
Lemma 12.11 

(fc,4„(fc)) (7r/2 "' 1) = (fc,4n(^)^(A(fc))). 

Hence, if n is odd, the two embeddings constructed here are conjugated. It remains to 
show that if n is even then these two are not conjugated. Prom the Cartan decomposition 
it follows that the normalizer of GSp2n(®F) inside GSp2n{F) is Z(GSp2n{F^)GSp2n{ ( ) F)- 
Since the inner conjugation map of GSp2 n (F), 

is independent of e, it follows that if the two embeddings mentioned above are conjugated 
then a conjugating element must lie in Z(GSp2n{F)^ . However, if n is even then by Lemma 
E2 Z(GSp 2n (F)) = Z(GSp 2n (F)). □ 



From this point we assume that GSp2 n {®F) is embedded in GSp2 n {F) via 

k^{k,4 n (k)), 

where n is one of the two characters above. We shall denote the image of GSp2 n ^F) under 
this embedding by K 2n (F). 



3 Representations 

3.1 Genuine Principal series representations 

Lemma 3.1. Let x be a character of the diagonal subgroup inside GL n (F) and let £ be a 
character of F* . 

(1) The map 

([t,l],e) ^Xf{[tA],e) =ex(t)7tf(t) (3-1) 

defines a genuine character ofT2 n (F) and all genuine characters ofT2 n (F) have this form. 
Also, 

Xil> a = (X ■ VaU- (3.2) 

(2) The map 

(ah n ,e) h> ^'( a/ 2n,e) = e£,(a)^(a n ) 

defines a genuine character of Z(GSp 2n (F)) and all genuine characters of Z(GSp 2n (F)) 
have this form. 

(3) Assume in addition that £( — 1) = x(~In) or equivalently that £^ and Xip agree on 
Z(GSp 2n (F)) DT 2n (F). Then, we may define a genuine character ofT 2 + n (F) by 

h = zg (x B 0i>( z 9) = x^{g)^{z)- 

Here g £ T2 n (F) and z € Z{GSp 2n (F)^. All the genuine characters of T 2n (F) have this 
form. 
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(4) (x ^ Oi> an d (x' ^ have the same restriction to Z{T^jF)j if and only if they are 
conjugated by an element ofT^^F) in which case 

(x' b eh = ( x -vc®ti- tfh = (i(c),1) ((X B 6v) (3-3) 

For some c € F* . 



Proof. The fact that (|3,ip defines a genuine character of T2 n (F) follows from the first part 
of Lemma 12.11 and from (jl.ip . Since the product of any two genuine characters of T2 n (F) 
is a non-genuine character of T2 n (F) and since any non-genuine character of T2 n (F) may 
be viewed as a character T2 n (F), the first two assertions in (1) follow. (13. 2j) also follows 
now from (jl.ip . (2) is proven by similar arguments. (3) follows from (1), (2) and from 
the seventh part of Lemma 12.11 The equality between the middle and right wings of (13. 3ft 
follows from the first part of Lemma [2.1i The fact the any two genuine characters of T^F) 
which satisfy the relation given in (|3.3() have the same restriction to Z n^JFn follows from 

(6) and (7) of Lemma EH Note now that [T 2 + n (F) : Z(T r jF))] = [F* : F* 2 ] and that 

{(t(c),l) \c£F*/F* 2 } 

is a set of representatives for T2 n (F)/T 2re (F). The proof of (4) is finished once we note that 
c ^ F* 2 implies that 

(x^Of^(x-Vc^C-Vch- 

□ 

Let to be a genuine character of Z(T 2n (F)) we shall denote by E{oj) the set of its 

extensions to T^ n (F). The group T 2n (F) is not Abelian. Its smooth admissible irreducible 
representations have the following form: 

Lemma 3.2. The isomorphism class of a smooth admissible genuine irreducible representa- 
tion o/T 2n (F) is determined by its central character. Any smooth admissible genuine irre- 
ducible representation o/T 2n (F) is [F* : F* 2 ] dimensional. It may be realized as an induc- 
tion from a genuine character o/T 2 ^(i ? ). If (p and (p 1 are two genuine characters o/T 2 t re (i ? ) 
then the corresponding inductions on F 2n (F) are isomorphic if and only if ip,<p' £ E{uj), 
where u is a genuine character of Z(T^ n (F)) . 

Proof. This is a variation of Stone- von Neumann Theorem, see Theorem 3 of [12]. The 

crucial facts here are that T 2n (F) is a two step nilpotent group and that T 2 ' n (F) is a 
maximal Abelian subgroup. □ 

We shall denote by t(oj) the isomorphism class of irreducible admissible genuine repre- 
sentation of F 2n (F) whose central character is to. We denote its realization mentioned in 
the last Theorem by 

T 2n( F ) 

Due to part 8 of Lemma 12.11 we shall regard, as in the linear case, each character 
(irreducible smooth admissible representation) of T2„(F) (T 2n (F)) as a character (repre- 
sentation) of B2n(F) (-B 2n (F)) by extending it trivially on (iV2 n (F),l). We shall always 
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assume that a character (representation) of B2 n (F) (B' 2n (F)^ has this form. Genuine prin- 
cipal series representation of Sp2 n (F) (GSp2 n (F)) is a representation parabolically induced 
from a genuine character (irreducible smooth admissible genuine representation) of B2 n {F) 
(B'^XF)). We shall assume that the induction is normalized. We denote 



For a genuine character oj of Z(T.2 n (F)) we denote by I(oj) the isomorphism class of genuine 
principal series representation of GSp2 n (F) induced from t(oj). By Lemma 13.21 I(co) may 
be realized as 



where (x ^ £,)i> ls anv 

of the [F* : F* 2 ] elements of E( 



B 2n( F ) 



3.2 Weyl group action 



Let Win be the Weyl group of Sp2 n {F). We choose representatives of Wi n inside Sp2 n (®F) 
and we take their images inside K2 n {F). We shall continue do denote the outcome by W 2n . 
By (1.18) of Section 1.3 of [20], 

(t,l) w = (t w ,l) (3.4) 

for any t G T 2n (F) and w G W 2n . In fact, $T2f) implies that fl31| holds for all t G T 2 + n (F). 
Thus, 

and 

w (x®0i> = ( w x®0*n ( 3 - 5 ) 

For any w G W 2n . Here w x is defined via a similar action of W2 n on T2 n (F) and its 
characters. Note that Win also acts on the set of genuine charters of Z\T^^F)) and hence 
acts on isomorphism classes of genuine irreducible admissible representations of TmiF"). 
Clearly, E( w uj) = w E(u) for any w G W2 n - Given uj, a genuine character of Z(T^(F)j, fix 
(X B G -E(w) and define R(u) to be the the following subgroup of F*/F* 2 : 



R(u) = {c G F*/F* 2 | 3 W G W 2n . M^Xx H = w (x B 

Clearly, i?(u>) is well defined, i.e., does not depend on the particular choice of (x^Otp e 
E(oj). R(lj) is non-trivial if an only if there exits w G W2n which fixes uj and induces a 
non-trivial permutation on E(co). 

Lemma 3.3. Let uj be a genuine character of Z\T^^Fy\ 

(1) If n is odd and w uj = oo for some w G W 2 n then w preserves the elements of E(uj) 
pointwise. In particular, R(u>) is trivial for any uj. 

(2) If n is even then there exists a genuine character uj of Z{T 2n (F)^ such that R(co Q ) is 
non-trivial. Furthermore, up to conjugation by w G W, an element of E(uj ) has the from 
(X ^ 0i> where 

X [diag(t n ,t n -i, h), 1] = xi(*i*2)X2(*3, U) . . . x| {t n -itn)r]c{hU ■ ■ ■ t n ). (3.6) 
Here xi, •••X- are characters of F* and c is a non-square element in F* . 
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Proof. The first assertion follows from a comparison of fj3.3[) and (|3.5p . Next, if n is even, 
define 

w = diag(w',w', ...,w')e W 2n , (3.7) 



where w' = ( 1 ) . By a straight forward computation 



l o 



W2n is generated by simple reflections. Denote these reflections by u^j+i where 1 < i < n— 1 
and by u> n where ^i^+i acts on [diag(t n ,t n _i, . . . , ti), 1]) by switching tj and ij+i and where 
to i acts on [diag(i n , i n -i, . . . , ti), 1] by inverting t\. Thus, if x' defined by 

n 

diag(t n ,t n _ u ...,t 1 ) = 

i=l 

is not Weyl conjugated to xo then there exists 1 < i < n such that x\ ^ xf 1 f° r an y 
1 < j ' < This shows that is not Weyl conjugated to any of its quadratic twists. 

□ 



Theorem 3.1. Let uj be a genuine character ofZ(T^ n (F)). Fix (x^£)v 6 ^M- 

(1) I{uj) is irreducible if and only if R{uj) is trivial and I(xi>) ^ s an irreducible Sp2n(F) 
module. 

(2) If Ifyip) is an irreducible Sp2 n (F) module and R(oS) has two elements then I {to) breaks 
into a direct sum of two GSp2 n {F) irreducible modules. 

(3) If the restriction of uj to ZfT^.F 1 )) n Sp2 n {F) is unitary and M.(u) has two elements 
then I{uj) breaks into a direct sum of two GSp 2n (F) irreducible modules. 



Proof. Using induction by stages we may realize I(uj) as 



Inct^ll'^MO^, 
GS P +JF) 

where 

I'ik®^) =In ( £^A F) ( X ®0^ (3-8) 

Since GSp2 n (F) is a normal subgroup of finite index inside GSp2 n (F) it follows from Clifford 
theory that I{uj) is irreducible if and only if £),/,) is irreducible and it is not isomorphic 

to any of its conjugations by elements of GSp2 n (F) which lies outside GSp2 n {F). Note that 
since GSp^F) = Sp 2n {F) Z (G 'Sp£ n (F)) , it follows that I' (fa ® Of) is an irreducible 
GSp2 n {F) module if and only if l(xip) is an irreducible Sp 2n {F) module. If 5 is a set of 
representatives of F* /F* 2 then (i(S), l) is a set of representatives of G Sp2 n (F) / G Sp^ n {F) 
and that for c € F* we have 

( ! W^'(^^)^'( (i(c),1) P^)- 
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Suppose now that I'((x Kl £ a )ip) is irreducible. If n is odd then by the first part of Lemma 
EJ2 R(u) is trivial and for c £ F* 2 

since by the third part of Lemma 12.11 these two representations have different central 
characters. This proves (1) for odd n. Suppose now that n is even. Then, by (|3.3p . 
I' (fx ^ Qi>) an d I' (^^'^(x £),/,) have the same cental character. Hence, 

if and only if 

l{ X ^)^l{(xVch). (3.9) 

Since we assume that IyXip) is irreducible it follows, similar to linear groups, that (|3.9p holds 
if and only if 

(xvch = ( w xh 

for some w € Wm- This finishes the proof of the first assertion. 

We now prove the second assertion. Since we assume that I(xip) is irreducible, then, by 
Clifford theory, the assertion will follow once we show that A(uj), the commuting algebra of 



is 2 dimensional. By Frobeniuns reciprocity 



A(u) ~ Horn + { Ind GSp2 " {F) I 1 ((x B £U) ,l'((x®Zh 



yeY 

By an argument we already used and by definition of R(cj) we finish. The third assertion 
follows from the second and from The fact that, regardless of the parity of n, any genuine 
principal series of Sp2 n {F) induced from a unitary character is irreducible, see [8] or Theorem 
5.1 of [20]. 

□ 



Note: We focus here on the case where R(oj) has two elements since, as we shall see 
in Section [61 if u) is unramified then R(uj) has at most two elements. However it is quite 
possible, for ramified uj, that R(u) will have 4 elements, which is the upper bound if F is 
a p-adic field of odd residual characteristic. Indeed, if in (|3.6|) we assume that X\ = x\ = 
. . . = Xn = f]d where d is a non square element in F* such that dc~ l F* 2 then it is easy 
to see that since J2n (x ^ 0i> = (XoVd ^ it follows that R(u) has 4 elements. 
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3.3 Whittaker functionals 



Let 9 be a non-degenerate character of N2 n {F) and let a be a genuine representation of 
Sp2n(F) (GSp2n(F)) • A 9- Whittaker model for a is a non-zero image of a inside In d Sp2n } F ^ 9 

(lnd ^ Sp f"[ F ^ 9) under an Sp 2n (F) (GSp2n{F)) map. a is called 9- generic if it has a 9- 

Whittaker model. Note that if 9 and 9' are conjug ated by an element of T 2n (F) (T!, n (F)) 
then a is ^-generic if and only if it is ^'-generic. Note that there is only one orbit of non- 
degenerate characters of N2 n (F) under the action of T^F) while there are [F* : F* 2 ] orbits 
of non-degenerate characters of N2 n (F) under the action of T2 n (F). If y varies over a set 
of representatives of F* / 'F* 2 then 

9 y = (Wfo 

varies over all T 2n (F) orbits of a non-degenerate genuine characters of N 2n (F). Note that 
we may choose a set of representatives F* /F* 2 which consists of elements whose order is 
or 1. Any genuine principal series representation a is ^-generic. Its 9- Whittaker model is 
unique, see [3] or [IS] . 



Lemma 3.4. For f G I(x^) an d 9 £ Sp2n{F) the integral 



W f (g) = / f{(J2nU,l)g)9- l (u,l)du. 

JN 2 „(F) 



converges absolutely in some cone inside the set of genuine characters ofT 2n (F) and has an 
analytic continuation to the full set of genuine characters. The map f h4 Wf is the unique 
(up to a scalar) map from I(Xip) t° ^ s 9-Whittaker model. 

Proof. This is well known and follows from Theorem 5.2 of [3]. See for example Chapter 4 
of [I] or Theorem 6.3 of [H]. □ 



Whittaker models for GSp 2n (F) are not unique. For principal series representations we 
have the following 



Lemma 3.5. Fix A, a set of [F* : F* 2 ] representatives of T^ n (F)/T 2 + n (F). For f G j(x I 
£)v>)) 9 e GSp2n(F), a £ A the integrals 



Wf(g)= [ f(a{J 2n u,l)g)e-\u,l)d 

JN 2n {F) 



converges absolutely in some cone inside the set of genuine characters of T 2n (F) and 
has an analytic continuation to the full set of genuine characters. The set of maps 

{/ ^ Wf | a G A] 

form a basis for 
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Proof. This is proven exactly as in Lemmas 1.3.1 and 1.3.2 of |10| . The idea here if that 

{/ -> f(a) \a€A} 

is a basis of the space of functionals on i((x ^ 0->l>) anc ^ that the Jacquet integral is an 
isomorphism from this space to Hom GSp ^ ^ (l(x^C)^) > ^ n( 4P~T^J ^) ■ This theorem may 
also be deduced from the arguments in Section 5 of |21j . □ 

Corollary 3.1. iTeep i/ie notation of Lemma \ 3.5\ and assume that n is odd. Denote by oj' the 
central character of l((x^C)i>) ■ w ' * s 

the restriction of (x^Oi> to Z(GSp 2n (F)) = F* 2 I : 



2n- 



LetQ be the set of the [F* : F* 2 ] extensions ofuj 1 to Z(GSp2 n (F)) = F*l2 n - For each fi € £1, 
exactly one of the maps f *— > Wj is an element in the one dimensional space 



, \ n x 

Z{GSp 2 „{F))xN 2 n{F) 



Proof. Let W be the space of 6 Whittaker functionals on l((x ^ i- e - 5 the set of 

functionals on Kl £)^J such that X(p(n)f) = 9(n)X(f) for any n G N 2n (F). Here p 
stands for right translations. By Frobenius reciprocity 



W ~ Horn-, 



,GS P 2n(F). 



^s P2 ^((x^0,),Ind^ 
and 

{/ ^ Wf(I 2n , 1) | a e A} 



form a basis for W. Clearly Z(GSp 2n (F)] acts on W. By examining its action on this 

basis it follows that W decomposes over Z (GSp2 n (F)) with multiplicity 1 to [F* : F* 2 ] one 

dimensional spaces and that f2 is the set of Z(GSp2 n (F)) eigen values. The Lemma follows 
now from Frobenius reciprocity. □ 

Lemma 3.6. Let Y be a set of representatives of [F* : F* 2 ]. For f € /((% M and 
g £ GSp 2n (F), V € y define Wj(g) to be the analytic continuation of 



The set of maps 
form a basis for 



f((J 2n u,lMy),l)g)6-\u,l)du. 

N 2n (F) 



{/ i-> Wf I a € A} 



Proof. As a set of representatives of T^F) /T 2n (F) we choose 

{(diag(yl 2n ,l 2n ), l) | V G 

We note that up to (12m ±1) 

(diag(yI 2n ,I 2n ),l)(J 2n u,l) = {J 2n u,l)(i(y),l). 

The lemma follows now from the Lemma 13.51 by changing integration variable it i— >■ u^W' 1 ). 

□ 
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4 Extension of a result of Bump, Friedberg and Hoffstein 



From this point until the end of this paper, we assume that the residual characteristic of F 
is odd. We fix tp, a normalized character of F, and 6, a non-degenerate normalized character 
of N2n(F) which agrees with on the long root. 



A genuine character of T2 n (F) is called unramified if it is trivial on K2 n {F) n T2 n (F). 
Fix a = (ai, a2, ■ ■ ■ , a n ) € C* n and define Xa to be a character of T2 n (F) by 



X a (diag(a n ,a n - 1 , . . . ,a x ,a n l ,a n \, . . . ,a 1 x ) = J 



a ord{ai) 



i=l 

Since ip has an even conductor, 7^(0^) = 1- Thus, any unramified genuine character of 
T2n(F) may be written as (xa)^ for some a 6 C* n . Note that the action of W2 n maps an 
unramified character of T2 n (F) to an unramified character. Denote 

This action induces an action of W2 n on the polynomial ring 

R = C[ai, 02, . . . , a n , <xj~ , , ■ ■ ■ , a' 1 ]. 

Let A be the following linear map on R: 

A(p) = ^ {-l) lenath ^ >. 
wew 2n 

Define 

A(a)=A(f[af). 

i=i 



If {Xa)i> is a genuine unramified character of T2 n (F), then l((Xa)ip) contains a one 
dimensional K2 n {F) fixed subspace. We denote by /(^ a ) the normalized Spherical function 
of /((xojtf), i-e., the unique K2 n (F) invariant element inside l((Xa)i>) such that 

/L),(^,i) = i- 

An image of f( Xa ^ inside the ^-Whittaker model of l((x a )ip), which is unique up to a 
scalar is called a Spherical ^-Whittaker function attached to l{(Xa)^)- A Spherical 9 y 
Whittaker function of W® ^ y e is called symmetric if 

W^,y,8 = WS^^yfi (4-1) 

for any w € W2 n - Following [3j, We shall now give an explicit formulas for these elements 
where the order of y is either or 1. Define 

n Tiff -i -1 -ivi -i ^ fnr=i( 1 + vA-y)q~*<*i) \y\ = 1 , 

D(a,y) = [[ (1 -q oyo- )(1 - q ajOn)) < 

ttj [Ui=i(^-q uj) \y\ = q 

and define 

K^y.e(9) = D(a, y y l [ f x {{J, n nA)g)e-\n)dn 

JN 2n {F) 
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Lemma 4.1. For t = diag(a n ,a n _i, . . . ,a±) E Tgl„(F) denote 

ord(ai) = ki. 

For y eO* F We have 

v I othewise 
For y such that \y\ = q~ l we have 

1) = A-(« W ,H- W ^0C(^ * ^ ■ ■ ■ ^ . (4 . 3) 

In particular, for any y € F* whose order is either or 1, W®^ e is a symmetric Spherical 
Oy-Whittaker function attached to l((x a )^). 

Proof. We first prove (14. lh . For y = 1 this is exactly Theorems 1.1 and 1.2 of 0. Note 
that we denote by 9 what these authors denote by 6~ l , see page 384 of [3]. However, this 
difference is canceled since we use # _1 rather then 9 in the Jacquet integral. Given that 
the Whittaker character 9 y is normalized, the only relation of it with ip used in the proof 
of these Theorems is that ipy, which is the restriction of 9 y to the long simple root, satisfies 
lip = lipy Recall that 7^ = 7^%. This explains why the result for any y € Op 2 follows 
from Theorem 1.1 and 1.2 of [3]. For y € Op which are not squares one can still use the 
results in [3]: From flL2]) and t$3?2$) it follows that 

(Xa)iP = (X(y,n)a)ip y = (X-c*k, 7^ (*) = 7^ (*) (" l) fcl+fca+ - fc " . 

Also, 

A(a) = (-l) (1+2+ - +n) A(-a). (4.4) 

This implies that by changing # to 7^, to 7^ and Oj to —a, in page 384-386 of [3] one 
obtains the result above. 

We shall now explain how to modify the proofs in [3] to prove (|4.3p • We start by estab- 
lishing the absolute convergence of the Jacquet integral in some cone in C n , its holomorphic 
extension to C n and the functional equation satisfied by ilV e-> namely (|4.ip . The only 

modification one needs to do in the proof of Theorem 1.1 of [3] is the SL%{F} computation. 
By a direct computation, similar to one given in page 387 of [3j, one proves that if Re(a) > 
then for t = U7r kl , where u € 0* F , 

»)(: °)<^'*= 

othewise 

Since the restriction of 9 y to the short simple roots are normalized the rest of the argument 
goes word for word as the proof of Theorem 1.1 of [3]. Next, the fact that W° ^ e (t, 1) 
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vanishes unless < k\ < &2 < . . . < k n is proven by the same simple argument that is 
given in page 392 of [3]. Indeed, this argument works for any Whittaker character under 
the assumption that its restriction to any short simple root subgroup is non-trivial on IP^ 1 
and that its restriction to the long simple root subgroup is non-trivial on P^ 2 . The main 
remaining ingredient in the proof is an expansion of f® a as a linear combination of Iwahori 
fixed vectors. This step is independent of the Whittaker character. Last, since 9 y is trivial 
on A^2 n (Oi?) it follows that 

4>j{Ju, l)d~,\(u) du = 1, 

N 2n (F) yt " 

where 4>j is the Iwahori fixed vector defined in page 392 of [3]. This gives an exact analog 
to (3.4) in page 395 of [3]. From this formula and from the functional equation established 
already, the explicit formula (|4.3p follows exactly as in pages 395-396 of [3]. □ 

Note that as in [3], the normalizing factors D(a, y) are the values of the Jacquet integrals 
at the identity. 



5 Unramified Principal series representation of GSp2 n {F). 
5.1 A standard model 



Let w be a genuine character of Z(T^ n (F)). We call lu, t(oj) and I(oo) unramified if the 
restriction of lo to Z (T^J^F)) n K^ n (F) is trivial. Note that by Lemma 12.21 this definition 
does not depend on rj. From the fourth part of Lemma 13. II it follows that if u is unramified 
then exactly two of the four elements of E(uS) are trivial on T^-F) D K2 n (F). We call 
these two extensions, which do not depend on rj, standard extensions. If (x ^ is one of 
them we call i((x ^ Of) an< ^ m(x ^ standard models for t(uj) and I(oS) respectively. 
Given that ip has an even conductor, a genuine character (x Kl °f ^2n(-^) nas a trivial 
restriction to T 2 + n (F) D K r 2 ] n (F) if and only if it has the form 

where f3 € C* and £g is the unramified character of F* defined by x i— > (3 ord ( x ) . Note that 
the restriction of (xa ^£p)ip to T2 n (F) is (Xa)ip- Also note that the two standard extensions 
(Xq ^ and (x a > E £p>)^ of w satisfy 

(x<V B ^ = (i(Uo,1)) (x* H ^ = (x-a B 

Thus, if (a Kl /3)^ is one of the two standard extensions of an unramified genuine character 
u) of Z(T2 n (F)) to T 2 + n (F) then the two non standard extensions are 

and (-qN(-1)%. 
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Remark: Let w be a genuine unramified character of Z (J^{Fyj . Let E'{uj) be the set 
of restrictions of the elements of E(lj) to T2 n (F). Note that E'{uj) has four elements. From 
Section 3.3 of [21] it follows that the restriction of I(uj) to Sp2n{F) is isomorphic to 

^ B 2n (F) A 

Exactly two of the four summands here have a K2 n (F) invariant element. These are the 
two representations induced from restrictions of standard extensions of uj. The other two 
summands have a K2 n (F)^ n ^' 1 ^ invariant element. See section 2.6 of [9]. 

Lemma 5.1. Let uj be a genuine character oj ZiT^iF^j) . t(uj) has a non trivial K2 n (F) 
invariant subspace if and only if uj unramified. In this case the dimension of the invariant 
subspace is 1. In particular, if rj\ ^ 772 are the two quadratic characters of Q* F then t(uj) 
contains a fixed vector under the action of K^^F) if and only if it contains a fixed vector 
under the action of K^iF). 

Proof. Clearly, the existence of a non-trivial K2 n (F) invariant subspace implies that uj is 
unramified. Conversely, assume that uj is unramified and that i((x ^ is a standard 

model for t(uj). As a set of representatives of T 2 + n (F)\T2 n (F) /T^F) nK2 n (F) we can take 

{(W), 

Note that if / 6 i((x ^ 0i>) ^ s invariant under T^F) n K2 n (F), it follows from the first 
assertion of Lemma 12. II that for any ([u, 1], 1) G T 2 + n (F) D KlJ^F) such that det(u) ^ F* 2 

Mtt), 1) = /((i(vr), l)([u, 1], 1)) = /(([u, 1], -l)(i(vr), 1)) = -f(i(ir), 1). 
Thus, (z(7r) , 1) can not support a T^F) n K^F) invariant function. On the other hand, 

m f (X B t = t + u where t + G T 2 + n (F), u e^F)nK^(F) 

I otherwise 

defines a non zero T^F) n K2 n {F) invariant function inside i((x Kl £),/,)• □ 



From this Lemma and from the Iwasawa decomposition, it follows that an unramified 
genuine principal series representation I(uj) of GSp2 n (F) contains a 1 dimensional K2 n (F) 
invariant subspace. If l((x ^ £)»/') * s a standard model then 

(d'HbXxM^ib) 9 = bk, where b G B+ n (F), k G K% n (F) 

W^-j othewise v- 1 ) 

is the unique K^ n {F) invariant function inside l((x ^ 0i>) such that /(L^f) {hn, 1) = 1- 
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5.2 Main result 



Assume that tp and 9 are as in Section [U For a 6 C* n , (3 € C* define two functions 



by 



MUtii 1 - Tk(-l)Q = r<x7 1 )°£ +i ) 0<k 1 <k 2 <...<k n ,m = 



othewise 



(5.2) 



and 



k l^h) {am ^, e (h) = 6r ? (7rA(/ i )) 7 ^ 1 (6 n )/3 / A- 1 (a)5(t)5 7 - 1 (i)x 

M(nr=i«f !+i ) <**<**<...< ^,"1=1 
I othewise 



(5.3) 



Here 



fc= (i(^- m ),l)(6/ 2n ,l)([t,l],l)(i(n),e) (5.4) 



where m € {0,1}, b G F*, u 6 and i = diag(a n ,a n -i, . . . ,a\) € TcL n (F) and 
where we denote ord{ai) = fcj, ord(b) = Z (note that A(/i) = b 2 uir m ). We now extend these 
functions to 

: G5p 2n (F) -> C 

by setting 



kl% g ((n,l)hu)=e(n)kl/(h), 



where n € N2 n {F), u S K^^F). From the Theorem below it follows that these extensions 
are well defined. Observe that this definition implies that these are symmetric functions, 
i.e, 

ka,p,o = kw a fij (5.5) 

for any w € Win- 



Theorem 5.1. LetI(uS) be a genuine unramified principal series representation ofGSp2 n (F). 
Suppose 

E{u) = {(aMp)% (-«H(-1)^)±>. 

Then, the set 

form a symmetric spanning set for the space of genuine Spherical 6-Whittaker functions 
attached to I(oj). 
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Proof. Denote 

Y = {l,ii ,7r,7ru }. 

As explained in Section[H Y is a set of representatives of F* /F* 2 . For y £Y define 

D^a,y) = V (y7r- ord ^)D(a,y) 

and define 



nW**fi<S) = D*(a, yy 1 f^ m ^ ((J 2n n, l)(i(y), l)g) ^(n) dn. 

By Lemma [3^61 {W^^j ^ e | y G is a spanning set for the space of genuine Spherical 9- 

Whittaker functions attached to I{oS). Thus, the proof of this Theorem amounts to showing 
the following: 

Km^oW = kl% e (h), (5.7) 

wl m ^/h) = kl; Pfi {h), (5.8) 

W (a®p)^ fi = W {x- a m { -ir P ) r ie ( 5 - 9 ) 



and 



W?mr\ a = W? me , a . (5.10) 



Here /i is the T^^F) element defined in (|5.4p . 

By dSIl), f( Xamf>h (9) vanishes if A(g) 0>F* 2 . This implies that W^ m ^ y /h) vanish 
if m ^ ord(y). We compute 1 Recall that Z (GSp 2n (F)} = F*l2 n and that 



Thus, if m = 0, 



Since the restriction of W^ am/3 ^ 1 g to Sp2n(F) is W®^ 1 e , (|5.7j) now follows from (|4.1j) . To 

we note that 

i(u ), l)h(i(u ), l)~ 1= (hn, (u ,b n ai,a2 ■ ■ ■ a n ) F )h 



compute W^ aS ^ u g (h) we note that 



and that 

[u , o a±, a,2 ■ ■ ■ a n ) F — { — 1J V 
Thus, arguing as before, if m = 0, 
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M(II?=i(l - V*(-u )q^ar l )a* i+i ) < h < k 2 < . . . < k n 
1 othewise 

(|5.9p follows now from (\1.2\i and (|4.4p . (|5.8p and (|5,10p are proven by similar arguments 
which ultimately utilize (|4.3p . □ 

Note that from the proof above it follows that for y € Y. 

D r >(a,y)= [ f, ' ((J^n^j^lyvr^)),!^)^ 1 ^)^. 

JN 2n (F) ^ w * 

Theorem 5.2. // n is odd i/ien £/ie spanning set constructed in Theorem I5.il /ias an ad- 
ditional property: Let uj' be the central character of I(oj). u' is the restriction of uj to 

Z(GSp 2n {F)) ■ Define U to be the set of four extensions of uj 1 to Z(GSp2 n (F)) . For each 
\i in £1 exactly one of the functions in (|5.6|) has the property 

f(tg) = Kt)f(g) 

for any t G Z(GSp+ n (F)), g € GSp 2n (F) 

Proof. This is verified at once by direct computation using the cocycle properties given in 
Lemma 12. II In fact it follows from Corollary 13.11 □ 



6 Reducible unramified principal representations 

Fix ip, a normalized character of F. Through this section, let oj be an unramified genuine 
character of Z(T2 n (i ? )) and let I{oj) be an unramified principal series representation of 
GSp2n{F) with l((xa and l((x~a ^ £(-i) n /3)»/>) as its two standard models. 

Lemma 6.1. R(oj) > 1 if and only if n is even and up to conjugating by elements ofW2 n , 
a equals 

a = (ai, — ai, a 2 , —a 2 , ■ ■ ■ ,a?±, — a|) (6.1) 

In this case R{oj) = 2. 



Proof. Since W 2n maps a standard extension of an unramified genuine charter of Z(T^ n (F)) 
to another standard extension of an unramified genuine charter of Zi^T^^F)^ it follows that 
R{oj) < 2. The rest of this Lemma follows from Lemma 13.31 □ 

Lemma 6.2. // R(uj) > 1 then the dimension of the space of Whittaker functionals on the 
space generated by the K^^F) invariant space inside I(uj) is 2. In particular, I(uj) has 
more then one generic constituent. 

Proof. By Lemma f6.ll R(oj) > 1 implies that n is even and that w a = —a for some w € W 2n . 
Thus, by ([BTB) 

+ _ lv + t.v - _ t,v - 

K ot,/3 — K a,f3 ~ K -a,f3' 

On the other hand and are linearly independent since these two functions have 
disjoint supports. Hence, the lemma follows from the symmetry property of the spanning 
set constructed in Theorem 15.11 □ 
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From this point we assume that n is even. For a character x of T2 n (F) and 

s = (si,s 2 ,.-.s n ) e C* n 
let x s be the character of T2 n (F) given by 



n 

Si 



t = [diag(t n ,tn-i, . . . ,h), 1] i— > I* 



i=i 



Let w be the M^n element defined in (|3.7p . For s — (si, S2> -Sn ) G C* n define and 
/ G /((x s )v) define a complex function A x>s (f) = A s (f) on Sp 2n {F) by 

(^ s (/))(<7)= / /(Kn,l) 5 )dn. (6.2) 

Here N^F) = J2 n iV2 n (.F) J^ 1 is the unipotent radical of Sp2 n (F) opposite to N2 n (F). 

Lemma 6.3. (1) The integral defined in (|6.2j) converge in some cone inside C* n and has 
a meromorphic extension to C* n . Away from its polls it defines an Sp2 n (F) intertwining 
map 

i s :/((f)^/Hx s W- 

(2) Let x be as in (13. 6|) , Then A XotS is analytic at s = 0, i.e, at x Q - 

(3) Let Xo = Xa where qo is as in (|6.ip then 

L (r]u o ,0)\'-i r , 



4 / -o \ _ ( L vnu ,v) \ 2 , o v 



Proof. (1) is well known. It is proven by the same standard arguments used for linear groups. 
To prove (2) we may assume the g in (|6.2p is (l2n, !)■ Also by a standard argument, we 
decompose A s to a rank one intertwining operators: 



n n — 1 



A S = AI oA s * o • • • o A 1 , 

where 

is defined by (the meromorphic continuation of) 

(Ai(f))(g)= [ f({wy(x),l)g)dx. 
Jf 

Here 



where w' = { 1 ) and 

A 0, 



^ = diag(l n - 2 j,w' J2(j-!), I n -2j,w' , I 2 (j-1)) , 



n ] (x) = diag(l n _ 2 j,n'{x), I 2 (j-i), In^j* n(-x), I 2 (j-i)) , 
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where n'(x) = ( 1 x ) . Since the C 1 cover of Sp2 n (F) splits over the Siegel parabolic 
Vo lj 

subgroup, the proof of (2) and (3) is now reduced to the well known GL2(F) computations. 
More precisely, by Rao cocycle Formula given in Theorem 5.3 of |15j . 

i{t M-M: .*.)) = <W).*«A%. (6-3) 

For / € I{{x s h) and g G GL 2 (F) define 

(Cj(/)) (g) = ^{g)\det{g)\ l 2- 2] f(l n _ 2 j,g, 4,-2.?/ S -1 , ^(j-i)) ■ 

From (TEH) and (JOJ) it follows that 

C*{f) G Ind G B L { ;f\ X s y '■ 
Here B(F) is the standard Borel subgroup of GL2{F) and 

(X S ) j {h, h) = X S {ln-2j ,h,tl, h(j-l) i In-2j , *2 1 , ' ) • 

(the term \det(g) \ 2 _2j appears here to balance the difference between the modular functions 
of B 2n (F) and B(F)). The point is that for / € l((x%), 

(Ai ca (f))(I 2n ,l) = (A (xS)j (C j (f))(I 2 ), 

where A^ xB y is the standard GL2{F) intertwining integral, see page 478 of [2] for example. 
This completes the reduction to GL2{F): (2) follows now from Proposition 4.5.7 of [2] and 
(3) follows from Proposition 4.6.7 of [2]. 

□ 



Corollary 6.1. For f € l(( X a B fy)^ and g G GSp 2 n(F), define (A(f))(g) to be the 
meromorphic continuation of 



(A s (f))(g)= / f((w n,l)g)dn. 

J N^F^N-JF)™- 1 

The map 

A : l(( Xao B /((X-ao B 



zs a we// defined GSp2n(F) intertwining map and 

^feo^M \L(r] U0 ,l)) J (x- ao m f 3) v 



Proof. First, by using the fact that GSp 2n (F) = Z(GSp2 n (F))Sp 2 n(F), we extend A s to be 

a GSp2 n (F) intertwining map from I'((Xa ^£/3)i/>) to /'((x-q B^),/,) (the notation J' was 
defined in (j3.8[) ) . Then, using the same induction by stages argument used in the beginning 
of proof of Theorem 13. 1\ we push A s to be the GSp2 n {F) intertwining map defined in this 
corollary. Part (2) of Lemma 16.31 grantees that A is holomorphic at (xa ^ £,p)i>- 
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Since the GSp2 n {F) invariant space inside l((Xa ^ £p)i>) 1S one dimensional it follows 
that 

where c ao is the analytic continuation of 



j 

J A 



N 2n (.F)nw N- n (F)w- 



Note that since the restriction of both g^)^*-* ^P2n{F) is ^ , it follows that c ao 
does not depend on i]. In fact, by (3) of Lemma lOl 



\L(i] U0 ,l)J 



^0. 

□ 

Recall that rji and rj n are respectively the trivial and non-trial quadratic characters of 



t>* F . We shall denote 



Kl.(F) = K*(F), K- n (F) = K^(F) 



We shall also denote by and I (u) the (isomorphism classes) of the sub representa- 

tions of I(u}) generated by the K^^F) and K^F) invariant subspaces. 



Theorem 6.1. Assume that l((Xa)ip) is an irreducible Sp2 n {F) module. Then, I(oj) is 
reducible if and only if R{uj) > 1. In this case andl~(uj) are irreducible and 

I(cj)~I + (cj)®I-(cj) 

is a decomposition of I(uj) into a direct sum of two irreducible non-isomorphic generic 
subspaces, each has a space of Whittaker functionals of dimension 2. 

Proof. Given Theorem 13.11 and Lemma 16.21 we only need to show that I + (uj) ^ I~(oj). 
Since l((Xa)ip) is irreducible we may conjugate the inducing character by w € W2 n without 
changing the isomorphism class of /((Xa)i/>)- Hence, since R(uj) > 1 it follows from Lemma 
I6.1l that we may assume that a = q„. Denote ft rac N = f? 1 m C % and f7 = fJ ?7r ra , N . 

We shall construct here a self intertwining map T on l{f(Xa^£,p)ip) an d show that ^ ^ 
are eigen values of T corresponding to two different eigen values. We define 

B : l(( X -a B l{(Xa B 

by 

B{f)(g) = f{(i(u ,l)g). 
By the same argument as in Corollary 16.11 

where this time d^ does depend on n and is defined by 
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Let A be the intertwining map denned in Corollary 16.11 

Bo A: l(( X a B -> l((Xa B 
is a self intertwining operator and by Corollary 16.11 

BoA(f+ \_f%o^)\5 + BoA(f~ )- f L fo"Q'°M f 

^ oA U( Xa ^)^J " U(t/ U0 ,1)/ J (x«^V J,OA V/( Xa Bl€^;- U(? ?uo ,l)/ 1 



(x«^)v.' 

□ 



Recall that if the restriction of u to Z(T^(F)) n Sp2 n {F) is unitary then /((Xa)i/>) is 
irreducible. Hence, we have proven: 



Corollary 6.2. All the reducible unramified principal series representations of GSp2n{F) 
induced from a unitary data are a direct some of two non-isomorphic irreducible generic 
subspaces. Each has a 2 dimensional space of Whittaker functional. 
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